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Abstract
The non-equilibrium self-consistent generalized Langevin equation theory of irreversible pro-
cesses in liquids is extended to describe the positional and orientational thermal fluctuations of
the instantaneous local concentration profile n(r,Ω, t) of a suddenly-quenched colloidal liquid of
particles interacting through non spherically-symmetric pairwise interactions, whose mean value
n(r,Ω, t) is constrained to remain uniform and isotropic, n(r,Ω, t) = n(t). Such self-consistent
theory is cast in terms of the time-evolution equation of the covariance σ(t) = δnlm(k; t)δn
†
lm(k; t)
of the fluctuations δnlm(k; t) = nlm(k; t)−nlm(k; t) of the spherical harmonics projections nlm(k; t)
of the Fourier transform of n(r,Ω, t). The resulting theory describes the non-equilibrium evolution
after a sudden temperature quench of both, the static structure factor projections Slm(k, t) and
the two-time correlation function Flm(k, τ ; t) ≡ δnlm(k, t)δnlm(k, t+ τ), where τ is the correlation
delay time and t is the evolution or waiting time after the quench. As a concrete and illustrative
application we use the resulting self-consistent equations to describe the irreversible processes of
equilibration or aging of the orientational degrees of freedom of a system of strongly interacting
classical dipoles with quenched positional disorder.
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I. INTRODUCTION
The fundamental description of dynamically arrested states of matter is a crucial step
towards understanding the properties of very common amorphous solid materials such as
glasses and gels [1–3], and of more technologically specialized materials, such as spin glasses
[4–6]. The main fundamental challenge posed by these materials derives from their inability
to reach thermodynamic equilibrium within experimental times, and from the fact that
their properties depend on the protocol of preparation, in obvious contrast with materials
that have genuinely attained thermodynamic equilibrium. Understanding the origin of this
behaviour falls outside the realm of classical and statistical thermodynamics, and must
unavoidably be addressed from the perspective of a non-equilibrium theory [7–9]. In fact,
a major challenge for statistical physics is to develop a microscopic theory able to predict
the properties of glasses and gels in terms not only of the intermolecular forces and applied
external fields, but also in terms of the protocol of preparation of the material.
First-principles theoretical frameworks exist, leading to quantitative predictions of the
dynamic properties of structural glass forming liquids near their dynamical arrest transitions,
one of the best-known being mode coupling theory (MCT) [10, 11]. However, this theory, as
well as the equilibrium version of the self-consistent generalized Langevin equation (SCGLE)
theory of dynamical arrest [12, 13], are meant to describe the dynamics of fully equilibrated
liquids. Hence, the phenomenology of the transient time-dependent processes, such as aging,
occurring during the amorphous solidification of structural glass formers, falls completely out
of the scope of these equilibrium theories. Thus, it is important to attempt their extension
to describe these non-stationary non-equilibrium structural relaxation processes, which in
the end constitute the most fundamental kinetic fingerprint of glassy behavior.
In an attempt to face this challenge, in 2000 Latz [14] proposed a formal non-equilibrium
extension of MCT which, however, has not yet found a specific quantitative application. In
the meanwhile, the SCGLE theory has recently been extended to describe non-stationary
non-equilibrium processes in glass-forming liquids [15, 16]. The resulting non-equilibrium
theory, referred to as the non-equilibrium self-consistent generalized Langevin equation
(NE-SCGLE) theory, was derived within the fundamental framework provided by a non-
stationary extension [15] of Onsager’s theory of linear irreversible thermodynamics [17, 18]
and of time-dependent thermal fluctuations [19, 20], with an adequate extension [21, 22] to
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allow for the description of memory effects.
The NE-SCGLE theory thus derived, aimed at describing non-equilibrium relaxation
phenomena in general [15], leads in particular [16] to a simple and intuitive but generic
description of the essential behavior of the non-stationary and non-equilibrium structural
relaxation of glass-forming liquids near and beyond its dynamical arrest transition. This
was explained in detail in Ref. [23] in the context of a model liquid of soft-sphere particles.
The recent comparison [24] of the predicted scenario with systematic simulation experiments
of the equilibration and aging of dense hard-sphere liquids, indicates that the accuracy of
these predictions go far beyond the purely qualitative level, thus demonstrating that the
NE-SCGLE theory is a successful pioneering first-principles statistical mechanical approach
to the description of these fully non-equilibrium phenomena.
As an additional confirmation, let us mention that for model liquids with hard-sphere plus
attractive interactions, the NE-SCGLE theory predicts a still richer and more complex sce-
nario, involving the formation of gels and porous glasses by arrested spinodal decomposition
[25, 26]. As we know, quenching a liquid from supercritical temperatures to a state point
inside its gas-liquid spinodal region, normally leads to the full phase separation through a
process that starts with the amplification of spatial density fluctuations of certain specific
wave-lengths [28–30]. Under some conditions, however, this process may be interrupted
when the denser phase solidifies as an amorphous sponge-like non-equilibrium bicontinu-
ous structure [31–35], typical of physical gels [36]. This process is referred to as arrested
spinodal decomposition, and has been observed in many colloidal systems, including colloid-
polymer mixtures [31], mixtures of equally-sized oppositely-charged colloids [32], lysozyme
protein solutions [33], mono- and bi-component suspensions of colloids with DNA-mediated
attractions [34], and thermosensitive nanoemulsions [35]. From the theoretical side, it was
not clear how to extend the classical theory of spinodal decomposition [28–30] to include
the possibility of dynamic arrest, or how to incorporate the characteristic non-stationarity
of spinodal decomposition, in existing theories of glassy behavior [40]. In Refs. [25] and
[26] it has been shown that the NE-SCGLE theory provides precisely this missing unifying
theoretical framework.
Recently the NE-SCGLE theory was extended to multi-component systems [27], thus
opening the route to the description of more complex non-equilibrium amorphous states of
matter. Until now, however, the NE-SCGLE theory faces the limitation of referring only to
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liquids of particles with radially symmetric pairwise interparticle forces, thus excluding its
direct comparison with the results of important real and simulated experiments involving
intrinsically non-spherical particles [46, 47] and, in general, particles with non-radially sym-
metric interactions. The present work constitutes a first step in the direction of extending
the NE-SCGLE theory to describe the irreversible evolution of the static and dynamic prop-
erties of a Brownian liquid constituted by particles with non-radially symmetric interactions,
in which the orientational degrees of freedom are essential.
More concretely, the main purpose of the present paper is to describe the theoret-
ical derivation of the NE-SCGLE time-evolution equations for the spherical harmonics
projections Slm,lm(k; t), Flm,lm(k, τ ; t), and F
S
lm,lm(k, τ ; t), of the non-equilibrium and non-
stationary static structure factor S(k,Ω; t) and of the collective and self intermediate scat-
tering functions F (k,Ω,Ω′, τ ; t) and F S(k,Ω,Ω′, τ ; t). For this, we start from the same
general and fundamental framework provided by the non-stationary extension of Onsager’s
theory, developed in Ref. [15] to discuss the spherical case. The result of the present ap-
plication are Eqs. (39)-(45) below, in which τ is the delay time, and t is the evolution (or
“waiting”) time after the occurrence of the instantaneous temperature quench. The solution
of these equations describe the non-equilibrium (translational and rotational) diffusive pro-
cesses occurring in a colloidal dispersion after an instantaneous temperature quench, with
the most interesting prediction being the aging processes that occur when full equilibration
is prevented by conditions of dynamic arrest.
Although this paper only focuses on the theoretical derivation of the NE-SCGLE equa-
tions, as an illustration of the possible concrete applications of the extended non-equilibrium
theory, here we also solve the resulting equations for one particular system and condition.
We refer to a liquid of dipolar hard-spheres (DHS) with fixed positions and subjected to a
sudden temperature quench. This is a simple model of the irreversible evolution of the col-
lective orientational degrees of freedom of a system of strongly interacting magnetic dipoles
with fixed but random positions. Although this particular application by itself has its own
intrinsic relevance in the context of disordered magnetic materials, the main reason to choose
it as the illustrative example is that Eqs. (39)-(45) describe coupled translational and ro-
tational dynamics, whose particular case l = 0 coincide with the radially-symmetric case,
already discussed in detail in Refs. [23, 25, 27]. Thus, the most novel features are to be
expected in the non-equilibrium rotational dynamics illustrated in this exercise.
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Just like in the case of liquids formed by spherical particles, the development of the NE-
SCGLE theory for liquids of non-spherical particles requires the previous development of
the equilibrium version of the corresponding SCGLE theory. Such an equilibrium SCGLE
theory for non-spherical particles, however, was previously developed by Elizondo-Aguilera
et al. [48], following to a large extent the work of Schilling and collaborators [49–51] on the
extension of mode coupling theory for this class of systems. Thus, we start our discussions in
section II with a brief review of the main elements of the non spherical equlibrium SCGLE
theory and its application to dynamical arrest in systems formed by colloidal interacting
particles with non spherical potentials.
In section III we outline the conceptual basis and the main steps involved in the derivation
of the non-equilibrium extension of the SCGLE theory for glass-forming liquids of non-
spherical particles. In the same section we summarize the resulting set of self consistent
equations which constitutes this extended theory. In section IV, we introduce a simplified
model for interacting dipoles randomly distributed in space and apply our equations to
investigate the slow orientational dynamics as well as the aging and equilibration processes
of the system near its “spin glass”-like transitions. Finally in section V we summarize our
main conclusions.
II. EQUILIBRIUM SCGLE THEORY OF BROWNIAN LIQUIDS OF NON-
SPHERICAL PARTICLES.
In this section we briefly describe the equilibrium SCGLE theory of the dynamics of
liquids formed by non-spherical particles developed by Elizondo-Aguilera et al. [48]. We
first describe the main properties involved in this description and then summarize their
time-evolution equations, which constitute the essence of the SCGLE theory.
A. Collective description of the translational and orientational degrees of freedom.
Let us start by considering a liquid formed by N identical non-spherical colloidal particles
in a volume V [48], each having mass m and inertia tensor I. The translational degrees
of freedom are described by the vectors rN ≡ (r1, ..., rN) and pN ≡ (p1, ...,pN), where
rn denotes the center-of-mass position vector of the nth-particle and pn ≡ mdrn/dt =
6
mvn(t) is the associated linear momentum. Similarly, the orientational degrees of freedom
are described by the abstract vectors ΩN ≡ (Ω1, ...,ΩN) and LN ≡ (L1, ...,LN), where
Ωn denotes the Euler angles which specify the orientation of the nth molecule, and Ln =
I(Ωn)ωn is the corresponding angular momentum, so that ωn denotes the angular velocity.
Let us now assume that the potential energy U(rN ,ΩN) of the interparticle interactions is
pairwise additivity, i.e., that
U(rN ,ΩN) =
N∑
n,n′=1
u(rn, rn′;Ωn,Ωn′), (1)
where u(rn, rn′;Ωn,Ωn′) is the interaction potential between particles n and n
′. In the
particular case of axially-symmetric particles, that we shall have in mind here, the third
Euler angle is actually redundant, and hence, Ωn = Ωn(θn, φn).
The most basic observable in terms of which we want to describe the dynamical properties
of a non-spherical colloidal system is the time dependent microscopic one-particle density
n(r,Ω; t) ≡ (1/
√
N)
N∑
n=1
δ(r− rn(t))δ(Ω−Ωn(t)). (2)
Given that Ω = Ω(θ, φ), any function f(r,Ω) can be expanded with respect to plane waves
and spherical harmonics as
f(r,Ω) =
1
V
1√
4pi
∫
dk
∑
lm
(i)lflm(k)e
−ik·rY ∗lm(Ω) (3)
where
flm(k) =
√
4piil
∫
V
dr
∫
dΩf(r,Ω)e−ik·rYlm(Ω). (4)
Thus, using Eq. (2) in (3) and (4), we may define the so-called tensorial density modes
nlm(k, t) =
√
4pi
N
il
N∑
n=1
eik·rn(t)Ylm(Ωn(t)), (5)
and hence, we can define the following two-time correlation functions,
Flm;l′m′(k, τ ; t) ≡ 〈δn∗lm(k, t+ τ)δnl′m′(k, t)〉 (6)
=
4pi
N
il−l
′
N∑
n 6=n′
〈
eik·[rn(t+τ)−rn′ (t)]Y ∗lm(Ωn(t+ τ))Yl′m′(Ωn′(t))
〉
,
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where δnlm(k, t) ≡ nlm(k, t)− 〈nlm(k, t)〉.
We also define for completeness the self components
nSlm(k, t) ≡
√
4piileik·rT (t)Ylm(ΩT (t)), (7)
and the corresponding two-time correlation functions
F Slm;l′m′(k, τ ; t) ≡ 〈nS∗lm(k, t+ τ)nSl′m′(k, t)〉
= 4piil−l
′
〈
eik·[rT (t+τ)−rT (t)]Ylm(ΩT (t+ τ))Yl′m′(ΩT (t))
〉
, (8)
where rT (t) denotes the position of the center of mass of any of the particles at time t
and ΩT (t) describes its orientation. As indicated before, we will refer to τ as the delay (or
correlation) time, whereas for t we refer to the evolution time.
The equal-time value of these correlation functions are Flm;l′m′(k, τ = 0; t) = Slm;l′m′(k; t)
and F Slm;l′m′(k, τ = 0; t) = 1 where Slm;l′m′(k; t) are the tensorial components of the static
structure factor S(k,Ω,Ω′; t). Of course, the dependence of these quantities on the evolution
time t is only relevant if the state of the system is not stationary. Under thermodynamic
equilibrium, Flm;l′m′(k, τ ; t), F
S
lm;l′m′(k, τ ; t), and Slm;l′m′(k; t) cannot depend on t, and we
should denote them as F
(eq)
lm;l′m′(k, τ), F
S(eq)
lm;l′m′(k, τ), and S
(eq)
lm;l′m′(k). In Ref. [48] the general-
ized Langevin equation (GLE) formalism and the concept of contraction of the description
were employed to derive exact memory function equations for F
(eq)
lm;l′m′(k, τ) and F
S(eq)
lm;l′m′(k, τ).
These dynamic equations only involve the corresponding projections S
(eq)
lm;l′m′(k) of the equi-
librium static structure factor. For notational convenience, however, we shall not write the
label (eq) in what follows, although for the rest of this section we shall only refer to these
equilibrium properties.
As explained in Ref. [48], the referred exact memory function equations for F
(eq)
lm;l′m′(k, τ)
and F
S(eq)
lm;l′m′(k, τ) require the independent determination of the corresponding self and col-
lective memory functions. In a manner similar to the spherical case, simple Vineyard-like
approximate closure relations for these memory functions convert the originally exact equa-
tions into a closed self-consistent system of approximate equations for the dynamic proper-
ties referred to above [48]. These equations thus constitute the extension of the equilibrium
SCGLE theory of the dynamic properties of liquids whose particles interact through non-
spherical pair potentials.
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B. Summary of the equilibrium SCGLE equations.
Let us now summarize the set of self-consistent equations that constitute the equilibrium
SCGLE theory for a Brownian liquid of axially-symmetric non spherical particles. In the
simplest version (we refer the reader to Ref. [48] for details) these equations involve only the
diagonal elements Flm(k, τ) ≡ Flm;lm(k, τ) and F Slm(k, τ) ≡ F Slm;lm(k, τ), and are written, in
terms of the corresponding Laplace transforms Flm(k, z) and F
S
lm(k, z), as
Flm(k, z) =
Slm(k)
z +
k2D0TS
−1
lm (k)
1 + ∆ζ∗T (z)λ
(lm)
T (k)
+
l(l + 1)D0RS
−1
lm (k)
1 + ∆ζ∗R(z)λ
(lm)
R (k)
(9)
and
F Slm(k, z) =
1
z +
k2D0T
1 + ∆ζ∗T (z)λ
(lm)
T (k)
+
l(l + 1)D0R
1 + ∆ζ∗R(z)λ
(lm)
R (k)
. (10)
In these equations, D0R is the rotational free-diffusion coefficient, and D
0
T is the center-of-
mass translational free-diffusion coefficient, whereas the functions λ
(lm)
T (k) and λ
(lm)
R (k) are
defined as λ
(lm)
T (k) = 1/[1 + (k/kc)
2] and λ
(lm)
R (k) = 1, where kc = α × kmax, with kmax
being the position of the main peak of S00(k) and α = 1.305. This ensures that for radially-
symmetric interactions, we recover the original theory describing liquids of soft and hard
spheres [27].
On the other hand, within well defined approximations discussed in appendix A of Ref
[48], the functions ∆ζ∗α(τ) (α = T,R) may be written as
∆ζ∗T (τ) =
1
3
D0T
(2pi)3n
∫
dkk2
∑
l
[2l + 1]
[
1− S−1l0 (k)
]2
F Sl0(k; τ)Fl0(k; τ) (11)
and
∆ζ∗R(τ) =
1
2
D0R
(2pi)3
n
4
1
(4pi)2
∫
dk
∑
l,m
[2l + 1]h2l0(k) [Al;0m]
2 [S−1lm (k)]2 F Slm(k; τ)Flm(k; τ) (12)
where hlm(k) denotes the diagonal k -frame projections of the total correlation func-
tion h(k,Ω,Ω′), i.e., hlm(k) is related to Slm(k) by Slm(k) = 1 + (n/4pi)hlm(k), and
n = N/V is the number density. Finally, Al;mm′ ≡
[
C+lmδm+1,m′ + C
−
lmδm−1,m′
]
and
C±lm ≡
√
(l ∓m)(l ±m+ 1).
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The closed set of coupled equations in eqs. (9)-(12) constitute the equilibrium non spher-
ical version of the SCGLE theory, whose solution provides the full time-evolution of the
dynamic correlation functions Flm(k; τ) and F
S
lm(k; τ) and of the memory functions ∆ζ
∗
α(τ).
These equations may be numerically solved using standard methods once the projections
Slm(k) of the static structure factor are provided. Under some circumstances, however, one
may only be interested in identifying and locating the regions in state space that correspond
to the various possible ergodic or non ergodic phases involving the translational and ori-
entational degrees of freedom of a given system. For this purpose it is possible to derive
from the full SCGLE equations the so-called bifurcation equations, i.e., the equations for
the long-time stationary solutions of equations (9)-(12). These are written in terms of the
so-called non-ergodicity parameters, defined as
flm(k) ≡ lim
τ→∞
Flm(k; τ)
Slm(k)
, (13)
fSlm(k) ≡ lim
τ→∞
F Slm(k; τ), (14)
and
∆ζ∗(∞)α ≡ lim
τ→∞
∆ζ∗α(τ), (15)
with α = T,R. The simplest manner to determine these asymptotic solutions is to take the
long-time limit of Eqs. (9)-(12), leading to a system of coupled equations for flm(k), f
S
lm(k),
and ∆ζ
∗(∞)
α .
It is not difficult to show that the resulting equations can be written as
flm(k) =
[Slm(k)]λ
(lm)
T (k)λ
(lm)
R (k)
Slm(k)λ
(lm)
T (k)λ
(lm)
R (k) + k
2γTλ
(lm)
R (k) + l(l + 1)γRλ
(lm)
T (k)
(16)
and
fSlm(k) =
λ
(lm)
T (k)λ
(lm)
R (k)
λ
(lm)
T (k)λ
(lm)
R (k) + k
2γTλ
(lm)
R (k) + l(l + 1)γRλ
(lm)
T (k)
, (17)
where the dynamic order parameters γT and γR, defined as
γα ≡ D
0
α
∆ζ
∗(∞)
α
, (18)
are determined from the solution of
1
γT
=
1
6pi2n
∫ ∞
0
dk k4
∑
l
[2l + 1]
[
1− S−1l0 (k)
]2
Sl0(k)f
S
l0(k)fl0(k), (19)
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and
1
γR
=
1
16pi2n
∫ ∞
0
dkk2
∑
lm
[2l + 1][Sl0(k)− 1]2S−1lm (k)fSlm(k)flm(k)A2l;0m. (20)
As discussed in Ref. [48], fully ergodic states are described by the condition that the
non-ergodicity parameters (i.e., flm(k), f
S
lm(k), and ∆ζ
∗(∞)
α ) are all zero, and hence, the
dynamic order parameters γT and γR are both infinite. Any other possible solution of these
bifurcation equations indicate total or partial loss of ergodicity. Thus, γT and γR finite
indicate full dynamic arrest whereas γT finite and γR =∞ corresponds to the mixed state in
which the translational degrees of freedom are dynamically arrested but not the orientational
degrees of freedom.
III. NON-EQUILIBRIUM EXTENSION
The main reason for this brief summary of the SCGLE theory for liquids with non-
spherical inter-particle interactions, is that this equilibrium theory contains the fundamental
ingredients to develop a theoretical description of the genuine non-equilibrium non-stationary
irreversible processes characteristic of glassy behavior, such as aging [15]. Thus, let us now
outline the conceptual basis and the main steps in the derivation of the non-equilibrium
version of the SCGLE theory for glass-forming liquids of non-spherical particles, which we
shall refer to as the non-equilibrium generalized Langevin equation (NE-SCGLE) theory.
Our starting point is the non-stationary version [15] of Onsager’s theory of thermal fluc-
tuations and irreversible processes [17–20], which states that:
(I) the mean value a(t) of the vector a(t) = [a1(t), a2(t), ..., aν(t)]
† formed by the ν macro-
scopic variables that describe the state of the system is the solution of some generally
nonlinear equation, represented by
da(t)
dt
= R [a(t)] , (21)
whose linear version in the vicinity of a stationary state ass (i.e., R [ass] = 0) reads
d∆a(t)
dt
= −L[ass] · E [ass] ·∆a(t), (22)
with ∆a(t) ≡ a(t)− ass, and that:
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(II) the relaxation equation for the ν × ν covariance matrix σ(t) ≡ δa(t)δa†(t) of the non-
stationary fluctuations δa(t) ≡ a(t)− a(t) can be written as [15]
dσ(t)
dt
= −L[a(t)] · E [a(t)] · σ(t) (23)
− σ(t) · E [a(t)] · L†[a(t)] + (L[a(t)] + L†[a(t)]) .
In these equations L[a] is a ν × ν “kinetic” matrix, defined in terms of R [a] as L[a] ≡
− (∂R [a] /∂a)·E−1 [a], whereas E [a] is the ν×ν thermodynamic (“stability”) matrix, defined
as
Eij [a] ≡ − 1
kB
(
∂2S[a]
∂ai∂aj
)
= −
(
∂Fi[a]
∂aj
)
(i, j = 1, 2, ..., ν), (24)
with S[a] being the entropy and Fj[a] ≡ k−1B (∂S[a]/∂aj) the conjugate intensive variable
associated with aj . The function S = S[a], which assigns a value of the entropy S to any
possible state point a in the state space of the system, is thus the so-called fundamental
thermodynamic relation [52], and constitutes the most important and fundamental external
input of the non-equilibrium theory. The previous equations, however, do not explicitly
require the function S = S[a], but only its second derivatives defining the stability matrix
E [a]. The most important property of the matrix E [a] is that its inverse is the covariance of
the equilibrium fluctuations, i.e.,
E [aeq] · σeq = I, (25)
with σeqij ≡ δai δaj
eq
, where the average is taken with the probability distribution P eq[a] of
the equilibrium ensemble.
In addition, the non-equilibrium version of Onsager’s formalism introduces the globally
non-stationary (but locally stationary) extension [15] of the generalized Langevin equation
for the stochastic variables δai(t+ τ) ≡ ai(t+ τ)− ai(t) [15],
∂δa(t+ τ)
∂τ
=− ω[a(t)] · σ−1(t) · δa(t+ τ)
−
∫ τ
0
dτ ′γ[τ − τ ′; a(t)] · σ−1(t) · δa(t + τ ′) + f(t+ τ),
(26)
where the random term f(t + τ) has zero mean and two-time correlation function given
by the fluctuation-dissipation relation < f(t + τ)f(t + τ ′) >= γ[τ − τ ′; a(t)]. From this
equation one derives the time-evolution equation for the non-stationary time-correlation
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matrix C(τ ; t) ≡ δa(t+ τ)δa†(t), reading
∂C(τ ; t)
∂τ
=− ω[a(t)] · σ−1(t) · C(τ ; t)
−
∫ τ
0
dτ ′γ[τ − τ ′; a(t)] · σ−1(t) · C(τ ′; t),
(27)
whose initial condition is C(τ = 0; t) = σ(t). In these equations, ω[a] represents conservative
(mechanical, geometrical, or streaming) relaxation processes, and is just the antisymmetric
part of L[a], i.e., ω[a] = (L[a]−L†[a])/2. The memory function γ[τ ; a(t)], on the other hand,
summarizes the effects of all the complex dissipative irreversible processes taking place in
the system.
Taking the Laplace transform (LT) of Eq. (27) to integrate out the variable τ in favor of
the variable z, rewrites this equation as
C(z; t) =
{
zI + L[z; a(t)] · σ−1(t)}−1 · C(τ = 0; t) (28)
with L[z; a(t)] being the LT of
L[τ ; a(t)] ≡ 2δ(τ)ω[a(t)] + γ[τ ; a(t)]. (29)
To avoid confusion, let us mention that L[z; a(t)] thus defined is not, of course, an angular
momentum. In terms of L[z; a(t)], the phenomenological “kinetic” matrix L[a(t)] appearing
in Eq. (23), is given by the following relation
L[a(t)] = L[z = 0; a(t)] ≡ ω[a(t)] +
∫ ∞
0
dτγ[τ ; a(t)], (30)
which extends to non-equilibrium conditions the well-known Kubo formula. The exact
determination of γ[τ ; a] is perhaps impossible except in specific cases or limits; otherwise
one must resort to approximations. These may have the form of a closure relation expressing
γ[τ ; a(t)] in terms of the two-time correlation matrix C(τ ; t) itself, giving rise to a self-
consistent system of equations, as we illustrate in the application below.
These general and abstract concepts have specific and concrete manifestations, which
we now discuss in the particular context of the description of non-equilibrium diffusive
processes in colloidal dispersions. For this, let us identify the abstract state variables ai
with the number concentration a(r,Ω) ≡ N(r,Ω)/∆V of particles with orientation Ω in the
rth cell of an imaginary partitioning of the volume occupied by the liquid in C cells of
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volume ∆V . In the continuum limit, the components of the state vector a(t) then become
the microscopic local concentration profile n(r,Ω; t) defined in Eq. (2) and the fundamental
thermodynamic relation S = S[a] (which assigns a value of the entropy S to any point a
of the thermodynamic state space [52]) becomes the functional dependence S = S[n] of the
entropy (or equivalently, of the free energy) on the local concentration profile n(r,Ω; t).
Using this identification in Eqs. (21) and (23) leads to the time evolution equations for the
mean value n(r,Ω; t) and for the covariance σ(r,Ω; r′Ω′; t) ≡ δn(r,Ω; t)δn(r′,Ω′; t) of the
fluctuations δn(r,Ω; t) = n(r,Ω; t) − n(r,Ω; t) of the local concentration profile n(r,Ω; t).
These two equations are the non-spherical extensions of Eqs. (3.6) and (3.8) of Ref. [15],
which are coupled between them through two (translational and rotational) local mobility
functions, bT (r,Ω; t) and bR(r,Ω; t), which in their turn, can be written approximately in
terms of the two-time correlation function C(r,Ω; r′Ω′; t, t′) ≡ δn(r,Ω; t)δn(r′,Ω′; t′). A set
of well-defined approximations on the memory function of C(r,Ω; r′Ω′; t, t′), which extends
to non-spherical particles those described in Ref. [15] in the context of spherical particles,
results in the referred NE-SCGLE theory.
Rather than discussing these general NE-SCGLE equations, let us now write them ex-
plicitly as they apply to a more specific (but still generic) phenomenon, namely, to a glass-
forming liquid of non-spherical particles subjected to a programmed cooling while constrained
to remain spatially homogeneous and isotropic with fixed number density n. Thus, rather
than solving the time-evolution equation for n(r,Ω; t), we have that n(r,Ω; t) = n now
becomes a control parameter. As a result, we only have to solve the time-evolution equation
for the covariance σ(r,Ω; r′Ω′; t) = σ(r− r′,Ω,Ω′; t). Furthermore, let us only consider the
simplest cooling protocol, namely, the instantaneous temperature quench at t = 0 from an
arbitrary initial temperature Ti to a final value Tf .
At this point let us notice that it is actually more practical to identify the abstract vector
a(t) = [a1(t), a2(t), ..., aν(t)]
† of state variables not with the local concentration n(r,Ω; t)
itself, but with only one of its tensorial modes, so that a(t) = [a1(t)], with a1 ≡ nlm(k, t),
defined in Eq. (5). Under these conditions, the corresponding non-stationary covariance
σ(t) is just a scalar, denoted by Slm(k, t), and defined as
σ(t) = Slm(k, t) ≡ δn∗lm(k, t)δnlm(k, t), (31)
with δnlm(k, t) ≡ nlm(k, t)−nlm(k, t). In other words, Slm(k, t) is a diagonal element of the
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matrix Slm,l′m′(k, t) ≡ δn∗lm(k, t)δnl′m′(k, t). The time-evolution equation of Slm(k, t) then
follows from identifying all the elements of Eq. (23).
The first of such elements is the thermodynamic matrix E [a], which in this case is also a
scalar, that we shall denote by Elm [nlm(k)]. It is defined in terms of the second derivative
of the entropy S[nlm(k)] (in a contracted description in which the only explicit macroscopic
variable is nlm(k)) as
Elm [nlm(k)] ≡ − 1
kB
(
d2S[nlm(k)]
dn2lm(k)
)
. (32)
According to Eq. (25), this thermodynamic property is just the inverse of the equilibrium
value of Seqlm(k) ≡ δn∗lm(k)δnlm(k)
eq
of Slm(k, t),
Elm [nlm(k)] = 1/Seqlm(k). (33)
Let us notice, however, that Elm [nlm(k)] is not just the diagonal element of the matrix
Elm,l′m′ [n], defined in terms of the second partial derivative of the entropy S[n] (in a non-
contracted description in which the explicit macroscopic variables are all the tensorial density
modes nlm(k) of the microscopic one-particle density n(r,Ω; t)) as
Elm,l′m′ [n] ≡ − 1
kB
(
∂2S[n]
∂nlm(k)∂nl′m′(k)
)
. (34)
However, according again to Eq. (25), the inverse of this matrix yields the full equilibrium
covariance Seqlm,l′m′(k) ≡ δn∗lm(k)δnl′m′(k)
eq
, whose diagonal element Seqlm(k) does determine
Elm [nlm(k)], according Eq. (33). Let us mention, however, that in reality Elm [nlm(k)] is
also a functional of the spatially non-uniform local temperature field T (r). To indicate this
dependence more explicitly we shall denote the thermodynamic matrix as Elm [nlm(k);T ].
Here, however, we shall impose the constraint that at any instant the system is thermally
uniform, T (r) = T , and instantaneously adjusted to the reservoir temperature T , which will
then be a (possibly time-dependent) control parameter T (t).
The second element of Eq. (23) that we must identify is the kinetic matrix L[a]. For
this, let us first compare the equilibrium version of Eq. (28), namely,
C(z) =
{
zI + L[z; a] · σ−1}−1 · σ, (35)
with its particular case in Eq. (9), in which the scalars Flm(k, z) and Slm(k) correspond,
respectively, to C(z) and σ. This comparison allows us to identify L[z; a] with the scalar[
k2D0T
1 + ∆ζ∗T (z)λ
(lm)
T (k)
+
l(l + 1)D0R
1 + ∆ζ∗R(z)λ
(lm)
R (k)
]
. (36)
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Extending this identification to non-stationary conditions, we have that
L[z; a(t)] =
[
k2D0T
1 + ∆ζ∗T (z; t)λ
(lm)
T (k; t)
+
l(l + 1)D0R
1 + ∆ζ∗R(z; t)λ
(lm)
R (k; t)
]
, (37)
where the functions λ
(lm)
R (k; t) are defined as unity and the functions λ
(lm)
T (k; t) as
λ
(lm)
T (k; t) = 1/[1 + (k/kc(t))
2], where kc = 1.305 × kmax(t), with kmax(t) being the posi-
tion of the main peak of S00(k; t). The functions ∆ζ
∗
T (z; t) and ∆ζ
∗
R(z; t), to be defined
below, are the non-stationary versions of the functions ∆ζ∗T (z), and ∆ζ
∗
R(z).
Since L[a(t)] = L[z = 0; a(t)] (see Eq. (30)), the general and abstract time-evolution
equation in Eq. (23) for the non-stationary covariance becomes
∂Slm(k; t)
∂t
= −2
[
k2D0T
1 + ∆ζ∗T (z = 0; t)λ
(lm)
T (k = 0; t)
+
l(l + 1)D0R
1 + ∆ζ∗R(z = 0; t)λ
(lm)
R (k = 0; t)
]
(38)
× [Elm(k, t)Slm(k; t)− 1] ,
where Elm(k, t) = Elm [nlm(k);T (t)]. In the present application to the instantaneous isochoric
quench at time t = 0 to a final temperature Tf and fixed bulk density n, this property is
a constant, i.e., for t > 0 we have that Elm(k, t) = Elm [nlm(k);Tf ] = E (f)lm (k). In addition,
in consistency with the coarse-grained limit z = 0 in ∆ζ∗T (z = 0; t) and ∆ζ
∗
R(z = 0; t), we
have also approximated λ
(lm)
T (k; t) and λ
(lm)
R (k; t) by its k → 0 limit λ(lm)T (k = 0; t) and
λ
(lm)
R (k = 0; t), which are actually unity. Thus, the previous equation reads
∂Slm(k; t)
∂t
= −2 [k2DT0 bT (t) + l(l + 1)DR0 bR(t)] E (f)lm (k) [Slm(k; t)− 1/E (f)lm (k)] , (39)
where the translational and rotational time-dependent mobilities bT (t) and bR(t) are defined
as
bT (t) = [1 +
∫ ∞
0
dτ∆ζ∗T (τ ; t)]
−1 (40)
and
bR(t) = [1 +
∫ ∞
0
dτ∆ζ∗R(τ ; t)]
−1. (41)
in terms of the non-stationary τ -dependent friction functions ∆ζ∗T (τ ; t) and ∆ζ
∗
R(τ ; t).
In order to determine bT (t) and bR(t), we adapt to non-equilibrium non-stationary con-
ditions, the same approximations leading to Eqs. (11) and (12) for the equilibrium friction
functions ∆ζ∗T (τ) and ∆ζ
∗
R(τ), which in the present case lead to similar approximate expres-
sions for ∆ζ∗T (τ ; t) and ∆ζ
∗
R(τ ; t), namely,
∆ζ∗T (τ ; t) =
1
3
D0T
(2pi)3n
∫
dkk2
∑
l
[2l + 1]
[
1− S−1l0 (k; t)
]2
F Sl0(k, τ ; t)Fl0(k, τ ; t) (42)
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and
∆ζ∗R(τ ; t) =
1
2
D0R
(2pi)3
n
4
1
(4pi)2
∫
dk
∑
lm
[2l + 1]h2l0(k; t) [Al;0m]
2 [S−1lm (k; t)]2 F Slm(k, τ ; t)Flm(k, τ ; t),
(43)
where Flm;l′m′(k, τ ; t) are the non-stationary, τ -dependent correlation functions
Flm;l′m′(k, τ ; t) ≡ 〈δn∗lm(k, t + τ)δnl′m′(k, t)〉, with F Slm;l′m′(k, τ ; t) being the corresponding
self components.
In a similar manner, the time-evolution equations for Flm;l′m′(k, τ ; t) and F
S
lm;l′m′(k, τ ; t)
are written, in terms of the Laplace transforms Flm;l′m′(k, z; t), F
S
lm;l′m′(k, z; t), ∆ζ
∗
T (z; t),
and ∆ζ∗R(z; t), as
Flm(k, z; t) =
Slm(k; t)
z +
k2D0TS
−1
lm (k; t)
1 + ∆ζ∗T (z; t)λ
(lm)
T (k; t)
+
l(l + 1)D0RS
−1
lm (k; t)
1 + ∆ζ∗R(z; t)λ
(lm)
R (k; t)
, (44)
F Slm(k, z; t) =
1
z +
k2D0T
1 + ∆ζ∗T (z; t)λ
(lm)
T (k; t)
+
l(l + 1)D0R
1 + ∆ζ∗R(z; t)λ
(lm)
R (k; t)
. (45)
For given specific thermodynamic functions Elm [nlm(k);Tf ], Eqs. (39)-(45) consti-
tute a closed set of equations for the non-equilibrium properties Slm(k; t), Flm(k, τ ; t),
F Slm(k, τ ; t), whose solution provides the NE-SCGLE description of the non-stationary and
non-equilibrium structural relaxation of glass-forming liquids formed by non-spherical par-
ticles. In a concrete application, these equations only require as an input the specific
form of Elm [nlm(k);Tf ] and of the (arbitrary) initial static structure factor projections
Slm(k) ≡ Slm(k; t = 0). In the following section we illustrate the concrete application
of the theory with a simple but interesting application.
IV. ILLUSTRATIVE APPLICATION: INTERACTING DIPOLES WITH RAN-
DOM FIXED POSITIONS.
Eqs. (39)-(45) describe the coupled translational and rotational dynamics of a Brownian
liquid of non-spherical particles in search of thermodynamic equilibrium after a sudden
quench. A thorough application to a concrete system should then exhibit the full interplay
of the translational and rotational degrees of freedom during this process. As mentioned
in the introduction, however, carrying out such an exercise falls out of the scope of the
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present paper. Instead, as an illustrative application here we discuss the solution of our
resulting equations describing the irreversible evolution of the orientational dynamics of a
system of strongly interacting dipoles with fixed but random positions subjected to a sudden
temperature quench.
For this, let us recall that two important inputs of Eqs. (39)-(45), are the short-time
self-diffusion coefficients D0T and D
0
R, which describe, respectively, the short-time Brownian
motion of the center of mass and of the orientations of the particles. Hence, arbitrarly setting
D0T = 0 implies that the particles are prevented from diffusing translationally in any time
scale, thus remaining fixed in space. Within this simplification Eq. (39) reduces to
∂Slm(k; t)
∂t
= −2l(l + 1)DR0 bR(t)E (f)lm (k)
[
Slm(k; t)− 1/E (f)lm (k)
]
, (46)
whereas Eqs. (44) and (45) now read
Flm(k, z; t) =
Slm(k; t)
z +
l(l + 1)D0RS
−1
lm (k; t)
1 + ∆ζ∗R(z; t)λ
(lm)
R (k, t)
, (47)
and
F Slm(k, z; t) =
1
z +
l(l + 1)D0R
1 + ∆ζ∗R(z; t)λ
(lm)
R (k, t)
. (48)
Also, the time-dependent translational mobility satisfies bT (t) = 1. Hence, we only need to
complement Eqs. (46), (47) and (48) with
bR(t) = [1 +
∫ ∞
0
dτ∆ζ∗R(τ ; t)]
−1. (49)
and
∆ζ∗R(τ ; t) =
1
2
D0R
(2pi)3
n
4
1
(4pi)2
∫
dk
∑
lm
[2l + 1]h2l0(k; t) [Al;0m]
2 [S−1lm (k; t)]2 F Slm(k, τ ; t)Flm(k, τ ; t),
(50)
where Al;0m ≡
[
C+l0δ1,m + C
−
l0δ−1,m
]
and C±l0 ≡
√
(l ∓ 0)(l + 1). In the following subsections
we report the simplest application of these equations.
A. The dipolar hard-sphere liquid with frozen positions.
Let us consider a system formed by N identical dipolar hard spheres of diameter σ bearing
a point dipole of magnitude µ in their center, such that the dipolar moment of the n-th
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particle (n = 1, 2...N) can be written as µn = µµˆn where the unitary vector µˆn describes its
orientation. Thus, the orientational degrees of freedom of the system, ΩN , are described by
the set of unitary vectors (µˆ1, µˆ2, ..., µˆN) = Ω
N , so that the pair potential u(rn, rn′;Ωn,Ωn′)
between particles n and n′ is thus the sum of the radially-symmetric hard-sphere potential
uHS(|rn − rn′|) plus the dipole-dipole interaction, given by
udip(rn, rn′;Ωn,Ωn′) = µ
2|rn − rn′|−5[(rn − rn′)2(µˆn · µˆn′) (51)
−3((rn − rn′) · µˆn)((rn − rn′) · µˆn′)].
The state space of this system is spanned by the number density n and the temperature
T , expressed in dimensionless form as [nσ3] and [kBTσ
3/µ2] (with kB being Boltzmann’s
constant). From now on we shall denote [nσ3] and [kBTσ
3/µ2] simply as n and T , i.e., we
shall use σ as the unit of length, and µ2/kBσ
3 as the unit of temperature; most frequently,
however, we shall also refer to the hard-sphere volume fraction φ ≡ pin/6.
The application of the NE-SCGLE equations starts with the external determination of the
thermodynamic function E (f)lm (k) ≡ Elm(k;φ, Tf). At a given state point (φ, T ) the function
Elm(k;φ, T ) can be determined using the fact that its inverse is identical to the projection
Seqlm(k;φ, T ) of the equilibrium static structure factor S
eq(k,µ,µ′) at that state point. In
the context of the present application, this equilibrium property will be approximated by
the solution of the mean spherical approximation (MSA) for the dipolar hard sphere (DHS)
fluid developed by Wertheim [53]. The details involved in the determination of the resulting
equilibrium static structure factor, whose only non zero projections are Seq00(k), S
eq
10(k) and
Seq11(k) = S
eq
1−1(k), can be consulted in Ref. [49].
The equilibrium projections Seqlm(k;φ, T ) can also be used in the so-called bifurcation
equations of the equilibrium theory. These are Eqs. (16)-(20) for the non-ergodicity param-
eters γeqT (φ, T ) and γ
eq
R (φ, T ). According to Eq.(18), however, D
0
T = 0 implies γ
eq
T (φ, T ) = 0,
so that in the present case we must only solve Eq. (20) for γeqR (φ, T ). If the solution is
infinite we say that the asymptotic stationary state is ergodic, and hence, that at the point
(φ, T ) the system will be able to reach its thermodynamic equilibrium state. If, on the
other hand, γeqR (φ, T ) turns out to be finite, the system is predicted to become dynami-
cally arrested and thus, the long time limit of Slm(k, t) will differ from the thermodynamic
equilibrium value Seqlm(k;φ, T ). The application of this criterion leads to the prediction that
the system under consideration will equilibrate for temperatures T above a critical value
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FIG. 1: Dynamical arrest line (solid curve) in the (φ, T ) state space of the system of interacting
dipoles with fixed positions. This line is the boundary between the region of ergodic states, at
which the system is predicted to reach thermodynamic equilibrium, and the predicted region of
dynamically arrested states. Each of the two superimposed vertical dashed arrows represent the
quench of the system from an initial temperature Ti (green dot) to a final temperature Tf (blue
dots), in one case above (I) and in the other case below (II) the dynamic arrest line.
Tc(φ), whereas the system will be dynamically arrested for temperatures below Tc. In this
manner one can trace the dynamic arrest line Tc = Tc(φ), which for our illustrative example
is presented in Fig. 1. For example, along the isochore φ = 0.2, this procedure determines
that Tc = Tc(φ = 0.2) = 0.116.
We can now use the same thermodynamic function E (f)lm (k) ≡ Elm(k;φ, Tf) to go beyond
the determination of the dynamic arrest line Tc = Tc(φ) by solving the set of NE-SCGLE
equations (46)-(50) to describe the rotational diffusive relaxation of our system. For this, let
us notice that these equations happen to have the same mathematical structure as the NE-
SCGLE equations that describe the translational diffusion of spherical particles (see, e.g.,
Eqs. (2.1)-(2.6) of Ref. [25]). Although the physical meaning of these two sets of equations
is totally different, their mathematical similarity allows us to implement the same method
of solution described in Ref. [23]. Thus, we do not provide further details of the numerical
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protocol to solve Eqs. (46)-(50), but go directly to illustrate the resulting scenario.
At this point let us notice that there are two possible classes of stationary solu-
tions of Eq. (46). The first class corresponds to the long-time asymptotic condition
limt→∞ Slm(k; t) = 1/E (f)lm (k), in which the system is able to reach the thermodynamic equi-
librium condition Seqlm(k) = 1/E (f)lm (k). Equilibration is thus a sufficient condition for the
stationarity of Slm(k, t). It is, however, not a necessary condition. Instead, according to Eq.
(46), another sufficient condition for stationarity is that limt→∞ bR(t) = 0. This is precisely
the hallmark of dynamically-arrested states. In what follows we discuss the phenomenol-
ogy predicted by the solution of Eqs. (46)-(50) for each of these two mutually exclusive
possibilities.
B. Equilibration of the system of interacting dipoles with random fixed positions.
Let us now discuss the solution of Eqs. (46)-(50) describing the non-equilibrium re-
sponse of the system to an instantaneous temperature quench. For this, we assume
that the system was prepared in an equilibrium state characterized by the initial value
S
(i)
lm(k) = S
(eq)
lm (k, φ, Ti) = Slm(k, t = 0), of Slm(k, t), and that at time t = 0 the temperature
is instantaneously quenched to a final value Tf . Normally one expects that, as a result, the
system will eventually reach full thermodynamic equilibrium, so that the long time asymp-
totic limit of Slm(k, t) will be the equilibrium projections S
(eq)
lm (k;φ, Tf). Such equilibration
processes are illustrated in Fig. 2(a) with an example in which the system was quenched
from an initial equilibrium state at temperature Ti = 0.3, Slm(k, t = 0) = Slm(k;φ, Ti), to a
final temperature Tf = 0.15 > Tc = 0.116, keeping the volume fraction constant at φ = 0.2
(the first of the two quenches schematically indicated by the dashed vertical arrows of Fig.
1).
Under these conditions, and from the physical scenario predicted in Fig. 1, we should
expect that the system will indeed equilibrate, so that Slm(k, t→∞) = S(eq)lm (k;φ, Tf). This,
however, will only be true for S10(k, t) and S11(k, t), since, according to Eq. (46), S00(k, t)
must remain constant for t > 0, indicating that the artificially-quenched spatial structure
will not evolve as a result of the temperature quench. For the same reason, Eqs. (47) and
(48) imply that the normalized intermediate scattering functions F00(k, τ ; t)/S00(k; t) and
F S00(k, τ ; t) will be unity for all positive values of the correlation time τ and waiting time t.
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FIG. 2: (Color online) Illustration of an equilibration process: (a) Snapshots of the time evolution
of the l = 1,m = 0 static structure factor projection, S10(k, t), corresponding to the isochoric
quench Ti → Tf for φ = 0.2, with Ti = 0.3 and Tf = 0.15. The (red) dashed line is the ini-
tial structure factor S10(k, t = 0) = S
(i)
10 (k). The (blue) dot-dashed line is the asymptotic limit
S10(k, t → ∞) = S(f)10 (k) = S(eq)10 (k). The sequence of thinner (brown) solid lines in between
represents S10(k, t) for t = 0.3, 0.78, 1.42, 2.33 and t → ∞. For reference we also include the
non-evolving component S00(k, t) = S
eq
00(k;φ, Ti), indicated by the dotted line. (b) Snapshots of
the orientational autocorrelation function C1(τ ; t) as a function of correlation time τ (thin brown
solid lines), corresponding to the same isochoric quench and same sequence of waiting times t as
in (a). The (red) dashed line represents the initial function C1(τ ; t = 0) = C
(eq)
1 (τ ;φ, Ti) and the
(blue) dot-dashed line is the asymptotic limit C1(τ ; t →∞) = C(eq)1 (τ ;φ, Tf ). The inset plots the
α-relaxation time, defined as C1(τα; t) = 1/e, as a function of waiting time t.
For reference, the structure of the frozen positions represented by S00(k, t) = S
(eq)
00 (k, φ, Ti),
is displayed in Fig. 2(a) by the (magenta) dotted line, which clearly indicates that the fixed
positions of the dipoles are strongly correlated, in contrast with a system of dipoles with
purely random fixed positions, in which S00(k, t) would be unity. In the same figure, the
initial and final equilibrium static structure factor projections, S
(i)
10 (k) = S
(eq)
10 (k;φ, Ti) and
S
(f)
10 (k) = S
(eq)
10 (k;φ, Tf), are represented, respectively, by the (red) dashed and (blue) dot-
dashed curves. The sequence of (brown) solid curves in between represents the evolution of
S10(k, t) with waiting time t, as a series of snapshots corresponding to the indicated values
of t.
For each snapshot of the static structure factor projections Slm(k, t), the solution of
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Eqs. (46)-(50) also determines a snapshot of each of the dynamic correlation functions
Flm(k, τ ; t) and F
S
lm(k, τ ; t). These functions are related with other more intuitive and
experimentally accessible properties, such as the time-dependent autocorrelation function
C1(τ ; t) ≡ 〈
∑N
i=1 µˆi(t + τ) · µˆi(t)〉/〈
∑N
i=1 µˆi(t) · µˆi(t)〉 of the normalized dipole vectors µˆi.
In fact, since our dynamic correlators Flm(k, τ ; t) and F
S
lm(k, τ ; t) were assumed to be de-
scribed from the intermolecular k-frame [48], one can relate them with the time-dependent
autocorrelation function C1(τ ; t) directly through the following expression [54],
C1(τ ; t) =
1
3
lim
k→0
1∑
m=−1
F S1m(k, τ ; t) (52)
Let us notice that, according to Eq. (48), the three terms in the sum on the right hand
side of Eq. (52), F S10(k, τ ; t), F
S
11(k, τ ; t) and F
S
1−1(k, τ ; t), satisfy the same equation of motion
(which only depends explicitly on l) and thus, contribute exactly in the same manner to the
τ and t dependence of C1(τ ; t). Thus, C1(τ ; t) summarizes the irreversible time evolution of
the orientational dynamics, as illustrated in Fig. 2(b) with the snapshots corresponding to
the same set of evolution times t as the snapshots of S10(k, t) in Fig. 2(a). We observe that
C1(τ ; t) starts from its initial equilibrium value, C1(τ ; t = 0) = C
(eq)
1 (τ ;φ, Ti) and quickly
evolves with waiting time t towards C1(τ ; t → ∞) = C(eq)1 (k, τ ;φ, Tf). This indicates that
the expected equilibrium state at (φ = 0.2, Tf) is reached without impediment and that the
orientational dynamics remains ergodic at that state point.
As mentioned before, the structure of Eqs. (46)-(50) is the same as that of the equations
in [23] describing the spherical case. Thus, one should not be surprised that the general
dynamic and kinetic scenario predicted in both cases will exhibit quite similar patterns. For
example, the non-equilibrium evolution described by the sequence of snapshots of C1(τ ; t)
can be summarized by the evolution of its α-relaxation time τα(t), defined through the
condition C1(τα; t) = 1/e. In the inset of Fig. 2(b) we illustrate the saturation kinetics
of the equilibration process in terms of the t-dependence of τα(t), as determined from the
sequence of snapshots of C1(τα; t) displayed in the figure. Clearly, after a transient stage,
in which τα(t) evolves from its initial value τ
eq
α (φ, Ti), it eventually saturates to its final
equilibrium value τ eqα (φ, Tf).
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C. Aging of the system of interacting dipoles with random fixed positions.
Let us now present the NE-SCGLE description of the second class of irreversible isochoric
processes, in which the system starts in an ergodic state but ends in a dynamically arrested
state. For this, let us consider now the case in which the system is subjected to a sudden
isochoric cooling, at fixed volume fraction φ = 0.2, and from the same initial state as before,
but this time to the final state point (φ, Tf = 0.095) lying inside the region of dynamically
arrested states (the second of the two quenches schematically indicated by the dashed vertical
arrows of Fig. 1).
Under such conditions, the long-time asymptotic limit of Slm(k; t) will no longer be the
expected equilibrium static structure factor S
(eq)
lm (k;φ, Tf), but another, well-defined non-
stationary structure factor S
(a)
lm (k). In Fig. 3(a) we illustrate this behavior with a sequence of
snapshots of the non-equilibrium evolution of S10(k; t) after this isochoric quench at φ = 0.2
from T (i) = 0.3 to T (f) = 0.095. There we highlight the initial structure factor S
(i)
10 (k) =
S
(eq)
10 (k;φ, Ti), represented by the (red) dashed line and the dynamically arrested long-time
asymptotic limit, S
(a)
10 (k), of the non-equilibrium evolution of S10(k; t), described by the
(black) dotted line. For reference, we also plot the expected, but inaccessible, equilibrium
static structure factor S
(eq)
10 (k;φ, Tf) 6= S(a)10 (k) (blue dot-dashed line).
Finally, let us illustrate how this scenario of dynamic arrest manifests itself in the non-
equilibrium evolution of the dynamics. We recall that for each snapshot of the non-stationary
structure factor Slm(k; t), the solution of Eqs. (46)-(50) also determines a snapshot of all
the dynamic properties at that waiting time t. For example, in Fig. 3(b) we present the
sequence of snapshots of C1(τ ; t), plotted as a function of correlation time τ , that corre-
sponds to the sequence of snapshots of S10(k; t) in Fig 3(a). In this figure we highlight
in particular the initial value C1(τ ; t = 0) = C
(eq)
1 (τ ;φ, Ti) (red dashed line), the predicted
non-equilibrium asymptotic limit, C
(a)
1 (τ) ≡ limt→∞ C1(k, τ ; t) (black dotted line) and the in-
accessible equilibrium value of C
(eq)
1 (τ ;φ, Tf) (blue dot-dashed line). Notice that, in contrast
with the equilibration process, in which the long-time asymptotic solution C
(eq)
1 (τ ;φ, Tf) de-
cays to zero within a finite relaxation time τ eqα (φ, Tf), in the present case C
(eq)
1 (τ ;φ, Tf ) does
not decay to zero, but to a finite plateau. This arrested equilibrium correlation function,
however, is completely inaccessible, since now the long-t asymptotic limit of C1(k, τ ; t) is
C
(a)
1 (τ), which is also a dynamically arrested function, but with a different plateau than
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FIG. 3: Illustration of an aging process: (a) Snapshots of the non-equilibrium time evolution of
the l = 1,m = 0 static structure factor projection, S10(k, t), corresponding to the isochoric quench
Ti → Tf for φ = 0.2, with Ti = 0.3 and Tf = 0.095. The (red) dashed line is the initial structure
factor S10(k, t = 0) = S
(i)
10 (k). The (blue) dot-dashed line is the (now inaccessible) equilibrium
structure factor S
(eq)
10 (k;φ, Tf ), whereas the (black) dotted line is the predicted asymptotic limit
S10(k, t→∞) = S(a)10 (k). The sequence of thinner (brown) solid lines in between represents S10(k, t)
for t = 1.16, 4.264, 14.056, and 150.61. (b) Snapshots of the orientational autocorrelation function
C1(τ ; t) as a function of correlation time τ (thin brown solid lines), corresponding to the same
isochoric quench and same sequence of waiting times t as in (a). The (red) dashed line represents
the initial function C1(τ ; t = 0) = C
(eq)
1 (τ ;φ, Ti), the (blue) dot-dashed line is the expected (but
now inaccessible) equilibrium correlation C
(eq)
1 (τ ;φ, Tf ), and the (black) dotted line is the predicted
long-t asymptotic limit, C1(τ ; t → ∞) = C(a)1 (τ). The inset plots the corresponding α-relaxation
time as a function of waiting time t, with the (black) dashed line representing the asymptotic power
law τα ∝ t2.45.
C
(eq)
1 (τ ;φ, Tf).
Just like in the equilibration process, which starts at the same initial state, here we also
observe that at t = 0, C1(τ ; t) shows no trace of dynamic arrest, and that as the waiting
time t increases, the relaxation time increases as well. We can summarize this irreversible
evolution of C1(τ ; t) by exhibiting the kinetics of the α-relaxation time τα(t) extracted from
the sequence of snapshots of C1(τα; t) in the same figure. This is done in the inset of fig.
3(b). Clearly, after the initial transient stage, in which τα(t) increases from its initial value
τ eqα (φ, Ti) in a similar fashion as in the equilibration case, τα(t) no longer saturates to any
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finite stationary value. Instead, it increases with t without bound, and actually diverges as
a power law, τα(t) ∝ ta, with a ≈ 2.45.
Except for quantitative details, such as the specific value of this exponent, we find a
remarkable general similarity between this predicted aging scenario of the dynamic arrest
of our system of interacting dipoles, and the corresponding aging scenario of the structural
relaxation of a soft-sphere glass-forming liquid described in Ref. [23] (compare, for example,
our Fig. 3(b) above, with Fig. 12 of that reference). As said above, however, our intention
in this paper is not to discuss the physics behind these similarities and these scenarios, but
only to present the theoretical machinery that reveals it.
V. CONCLUSIONS
Thus, in summary, we have proposed the extension of the self-consistent generalized
Langevin equation theory for systems of non-spherical interacting particles (NS-SCGLE), to
consider general non-equilibrium conditions. The main contribution of this work consist thus
in the general theoretical framework, developed in Sec. III, able to describe the irreversible
processes occurring in a given system after a sudden temperature quench, in which its
spontaneous evolution in search of a thermodynamic equilibrium state could be interrupted
by the appearance of conditions of dynamical arrest for translational or orientational (or
both) degrees of freedom.
Our description consists essentially of the coarse-grained time-evolution equations for
the spherical-harmonics-projections of the static structure factor of the fluid, which in-
volves one translational and one orientational time-dependent mobility functions. These
non-equilibrium mobilities, in turn, are determined from the solution of the non-equilibrium
version of the SCGLE equations for the non-stationary dynamic properties (the spherical-
harmonics-projections of the self and collective intermediate scattering functions). The
resulting theory is summarized by Eqs. (39)-(45) which describe the irreversible processes
in model liquids of non-spherical particles, within the constraint that the system remains,
on the average, spatially uniform. This theoretical framework is now ready to be applied
for the description of such nonequilibrium phenomena in many specific model systems.
Although in this paper we do not include a thorough discussion of any particular appli-
cation, in section IV we illustrated the predictive capability of our resulting equations by
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applying them to the description of the isochoric and uniform evolution of non-equilibrium
process of a simple model, namely, a dipolar hard sphere liquid with fixed random positions,
after being subjected to instantaneous temperature quench. Here we used this example
mostly to illustrate some methodological aspects of the application of the theory, since this
specific application allows us to easily implement the numerical methods described in detail
in Ref. [23]. The same illustrative example, however, also allows us to investigate the rel-
evant features of the orientational dynamics during the equilibration and aging processes,
but leaves open many relevant issues, such as the relationship between these predictions
and the phenomenology of aging in spin-glass systems. Similarly, the non-equilibrium man-
ifestations of the coupling between translational and rotational dynamics, involved in the
complete solution of Eqs. (39)-(45), will be the subject of future communications. Thus, we
expect that the general results derived in this paper will be the basis of a rich program of
research dealing with these problems.
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